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1. Introduction: 

 Fractional Calculus is a generalization of ordinary differential and integration to 

arbitrary (non-integer) order. The subject has its origin in the 1600s.During three centuries, 

the theory of fractional calculus developed as a pure theoretical field, useful only for 

mathematicians. We can see that the tremendous development of theory of fractional 

calculus occurred in last 3-4 decades.Fractional differentiation proved very useful in 

various fields of applied sciences and engineering. The “bible” of fractional calculus is the 

book of Samko, Kilbas and Marichev [34].Several definitions of fractional derivatives and 

integral are available in the literature, including the Riemann-Liouville, Caputo derivatives 

and integral [1, 2, 3, 9, 11-13]. The combination of fractional calculus and integral 

equations may introduce more effective tool for analysis. 

Fractional differential and integral equations have also been studied by several researchers. 

This class of equation involves the fractional derivative and integral of an unknown 

function. Some recent results on fractional order differential and integral equations can be 

found in a series of papers (see[7,14-17] ). 
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In this paper, we present the existence results along with the locally attractivity and 

extremal solutions forfractional order nonlinearfunctional integro-differential equation in 

Banach Algebras. Finally, we present an example illustrating the applicability of the 

imposed conditions. 

 

2. Statement of the Problem: 

Let ߜ,ߞ   ∈ (0,1)  ,ℛ denote the real numbers whereas ℛା  be the set of nonnegative 

numbersi.e. ℛା = [ 0,∞) ⊂ ℛ  

Consider thefractional order nonlinear functional integro-differential equation ܦ఍ ቈܦఋ(ݐ)ݔ −∑ (ݐ)ߙ)ݔ,ݐ)൯௡௞ୀଵ݂(ݐ)ߛ൫ݔ,ݐ)ఉೖℎ௞ܫ )
቉  =  ݃ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁ ݐ    ∀   ∈ ℛା (2.1) 0 =(0)ݔ and ܦఋ0 =(0)ݔ 

 

where  0 < ߜ,ߞ < 1 ,0 < ߞ + ߜ < 2 , (ݔ,ݐ)݂ = ݂:ℛା × ℛ → ℛ\ {0} (ݕ,ݔ,ݐ)݃,  =݃:ℛା × ℛ × ℛ → ℛ  and ℎ௞:ℛା × ℛ → ℛ  with ℎ௞(0,0) = 0,݇ = ,ߙ, ݊.……,1,2 ,ߛ ߬:ℛା → ℛା . ܦ఍denotes R-L fractional derivative of order ߞ  and ܫఘdenotes R-L fractional integral of 

order ߩ. 

By a solution of the (2.1) we mean a function ݔ ∈ (ℛା ,ℛ)ࣝܤ  that satisfies (2.1) on ℛା .  

Where ࣝܤ(ℛା ,ℛ) is the space of continuous and bounded real-valued functions defined 

on ℛା . 

Applying a hybrid fixed point theorem [5], the existence results forFIDE (2.1) will be 

obtained. 

In section 3 we recall some useful preliminaries. In section 4 we study the existence the 

solution of the initial value problem (2.1), while in section 5 we deal with the existence of 

extremal solution of the initial value problem (2.1).Example illustrating the obtained 

results are presented in section 6. 
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3. Preliminaries: 

Let ܺ =  be Banach algebra with norm ‖.‖ and letΩ  be a subset of X. Let a(ℛା ,ℛ)ࣝܤ

mapping ࣛ ∶ ܺ → ܺ  be an operator and consider the following operator equation in X, 

namely, (ݐ)ݔ = (ݔࣛ) (ݐ) ݐ    , ∈ ℛା                                                                                                           (3.1) 

Below we give different characterizations of the solutions for operator equation (3.1) 

on  ℛା . 

We list some precise definitions in the sequel.  

Definition 3.1[22]: The solution (ݐ)ݔ   of the equation (3.1) is said to be locally attractive 

if there exists an closed ball ܤ௥[0] in ℛା ,ℛ)ࣝܤ  ) such that for arbitrary solutions ݔ = (ݐ)ݔ  

and ݕ = ௥ܤ of equation (3.1) belonging to (ݐ)ݕ [0] ∩ Ω suchthat  

lim௧→ஶ൫(ݐ)ݔ ൯(ݐ)ݕ− = 0                                                                                                                 (3.2)  

Definition 3.2[22]: Let Xbe a Banach space. A mapping ࣛ ∶  ܺ → ܺ is called Lipschitz if 

there is a constant ߙ > 0  such that‖ࣛݔ − ‖ݕࣛ ≤ ݔ‖ߙ ݕ,ݔ for all  ‖ݕ− ∈ ܺ.   

If ߙ < 1 then ࣛ is called a contraction on X with the contraction constant . 

Definition 3.3: (Dugundji and Granas [18]). An operator ࣛ on a Banach space X into 

itself is called Compact if for any bounded subset S of X, ࣛ(S) is a relatively compact 

subset of X. If ࣛ  is continuous and compact, then it is called completely continuous on X. 

Let Xbe a Banach space with the norm ‖.‖and Let  ࣛ ∶  ܺ → ܺ be an operator (in general 

nonlinear). Then ࣛ is called  

(i) Compact if ࣛ(ܺ)  is relatively compact subset of  X; 

(ii)  Totally bounded if ࣛ(ܵ) is a totally bounded subset of X for  any bounded 

subset S of X 

(iii)  Completely continuous if it is continuous and totally bounded operator on X. 

It is clear that every compact operator is totally bounded but the converse need not be true. 
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The solutions of (2.1) in the space ࣝܤ(ℛା ,ℛ) of continuous and bounded real-valued 

functions defined on  ℛା . Define a standard supremum norm ‖.‖ and a multiplication “.” 

in ࣝܤ(ℛା ,ℛ)by‖ݔ‖ = sup{ (ݐ)ݔ| | : ݐ ∈ ℛା }(3.3)                          

(ݕݔ) (ݐ) = (ݐ)ݕ(ݐ)ݔ ݐ      ∈ ℛା  (3.4) 

Clearly, ࣝܤ(ℛା ,ℛ) becomes a Banach space with respect to the above norm and the 

multiplication in it. By ℒଵ(  ℛା ,ℛ)  we denote the space of Lebesgueintegrable functions 

on ℛା with the norm‖.‖ℒభ   defined by ‖ ݔ‖ℒభ = න (ݐ)ݔ| (3.5)                                                                                                                  ݐ݀|

ஶ଴  

Denote by ℒଵ(  ܽ,ܾ) be the space of Lebesgueintegrable functions on the interval (a, b), 

which is equipped with the standard norm. Let ݔ ∈ ℒଵ(  ܽ,ܾ)  and let ߚ > 0  be a fixed 

number.  

Definition 3.4[21]: The Riemann-Liouville fractional integral of order  of the function 

 x t  is defined by the formula: 

(ݐ)ݔఉܫ =
1Γ(ߚ)

න (ݏ)ݔ

ݐ) − ݐ            ݏଵିఉ݀(ݏ ∈ (ܽ,ܾ)                                                                   (3.6)

௧଴  

Where Γ(ߚ)  denote the gamma function. 

It may be shown that the fractional integral operator  ܫఉ transforms the space ℒଵ(  ܽ,ܾ)  into 

itself and has some other properties (see [12-19]) 

Definition 3.5: Aset A⊆ [a,b] is said to be measurable if  m
*
 A  = m∗A  . In this case we 

define mA , the measure of A as mA = m
*
 A  = m∗A  

If  A1and A2 are measurable subsets of [a ,b] then their union and their intersection is also    

measurable. 

Clearly every open or closed set in R is measurable.  

Definition 3.6: Letf  be a function defined on [a,b].Then f is measurable function if for 

each ߙ ∈ } ݐ݁ݏℎ݁ݐ, ܴ (ݔ)݂:ݔ  > {ߙ  is measurable set . 

i.e. f  is measurable function if for every real number ߙ the inverse image of (ߙ ,∞)  is an 

open set  
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As (ߙ ,∞)  is an open set and if f is continuous, then inverse image under fof (ߙ ,∞) is  

openOpen sets being measurable , hence every continuous function is measurable.  

Definition 3.6:A sequence of functions {  ௡݂ }is said to converge uniformly on an interval 

[ܽ,ܾ]  to a function f if for any ߳ > 0 and for all ݔ ∈ [ܽ,ܾ]   there exists an integer N 

(dependent only on ߳  )   such that for all ݔ ∈ [ܽ,ܾ] 

| ௡݂(ݔ) − (ݔ)݂ | < ߳   ∀  ݊ ≥ ܰ 

Definition 3.7: The Family F is equicontinuous at a point ݔ଴ ∈ ܺ  if for every ߝ > 0 there 

exists ߜ > 0 such that ݀ (଴ݔ)݂) (ݔ)݂, ) < ∋ for all f ߝ ܨ and all x that ݀(ݔ଴ ,ݔ) <  .ߜ

The family is point wiseequicontinuous if it is equicontinuous at each pointof X.  

The family is uniformly equicontinuous if for every ߝ > 0 there exists ߜ > 0 a such that ݀(݂(ݔଵ) (ଶݔ)݂, ) < ∋ for all f ߝ ଶݔ, ଵݔ and all ܨ ∈ ܺ such that݀(ݔଵ ,ݔଶ) < ૜.૚ [૚ૠ] ܉ܕܕ܍ۺ .ߜ : Let ݍ > ݔ ݀݊ܽ 0 ∈ ࣝ(0,ܶ) ∩ℒ(0,ܶ)Then we have  

௤ܫ ݀௤݀ݐ௤ई(ݐ) = ई(ݐ) −෍ (ݔ௤ିࣿܫ) (ࣿି௝) (0)Γ(ݍ − ݆ + 1)
௤ି௝ࣿݐ

௝ୀଵ  

,where ࣿ − 1 < ݍ < ࣿ. 

Theorem 3.1: (Arzela-Ascoli theorem [6]): If every uniformly bounded and equi-

continuous sequence { }nf  of functions in ࣝ(ℛା ,ℛ) , then it has a convergent subsequence.  

Theorem 3.2[6]: A metric space X is compact iff every sequence in X has a convergent 

subsequence. 

We employ a hybrid fixed point theorem of Dhage [5] for proving the existence result.  

Theorem 3.3 :( Dhage [5,16]):Let ܵ  be a non empty, convex, closed and bounded subset 

of the Banach space X and let ࣛ,ࣝ:ܺ → ܺ and ℬ:ܵ → ܺ are two operators satisfying: 

a) ࣛ and ࣝ are Lipschitzian with lipschitz constants ߞ,  .respectively ߟ

b) ℬ is completely continuous, and 

c) ݔ = ݕℬݔࣛ + ݔࣝ ∈ ܵ for all ݕ ∈ ܵ 

d) ܯߦ + ߟ < 1 where ܯ = ‖ℬ(ݏ)‖ = ݔ:‖ݔℬ‖}݌ݑݏ ∈ ܵ}  

Then the operator equation ݔ = ݕℬݔࣛ +  .ܵ has a solution in ݔࣝ
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4. Existence results: 

Definition 4.1[6]: A mapping ݃:ℛା × ℛ → ℛ is said to be Caratheodory if  

ݐ .1 → (ݔ,ݐ)݃ is measurable for all ݔ ∈ ℛ , and  

ݔ .2 → (ݔ,ݐ)݃  is continuous almost everywhere for ݐ ∈ ℛା  

Again a caratheodory function ݃  is called ℒଵ-Caratheodory if  

3. for each real number ݎ > 0  there exists a function ℎ௥ ∈ ℒଵ(ℛା ,ℛ)   such that 

(ݔ,ݐ)݃| | ≤ ℎ௥(ݐ) a.e. ݐ ∈ ℛା for all ݔ ∈ ℛwith|ݔ| ≤  ݎ

Finally, a Caratheodory function ݃(ݔ,ݐ)  is called  ℒℛଵ − Caratheodory if  

4. there exist a function ℎ ∈ ℒଵ(ℛା,ℛ)   such that |݃(ݔ,ݐ) | ≤ ℎ(ݐ) a.e. ݐ ∈ ℛା  for all ݔ ∈ ℛ 

For convenience, the function h is referred to as a bound function of  ݃. 

Definition 4.1.1[7] :A mapping ݃:ℛା × ℛା × ℛ × ℛ → ℛ is Caratheodory if: 

i) (ݏ,ݐ) → (ݕ,ݔ,ݏ,ݐ)݃  is measurable for each ݕ,ݔ ∈ ℛ  and 

ii)  (ई,ݕ) → ,ݐ)݃ (ݕ,ݔ,ݏ is continuous almost everywhere for ݐ ∈ ℛା . 

Furthermore a Caratheodary function ݃ is ℒଵ −Caratheodary if: 

iii)  For each real number ݎ > 0 there exists a function ℎ௥ ∈ ℒଵ(ℛା × ℛା ,ℛ)  such 

that ,ݐ)݃| (ݕ,ݔ,ݏ | ≤ ℎ௥(ݏ,ݐ)ܽ.݁.   ݐ ∈ ℛା  for all ݕ,ݔ ∈ ℛ  with |ई|௥ ≤ ݎ  and 

௥|ݕ| ≤  .ݎ

Finally a caratheodary function ݃ is ℒ௑ଵ −caratheodary if: 

iv) There exists a function ℎ ∈ ∀ℒଵ(ℛା × ℛା ,ℛ)  such that |݃(ݐ, (ݕ,ݔ,ݏ | ≤ℎ(ݏ,ݐ) ݐ   .݁.ܽ    , ∈ ℛା  for all ݕ,ݔ ∈ ℛ  

For convenience, the function ℎ is referred to as a bound function for ݃. 

Lemma 4.1: Suppose that ߜ,ߞ ∈ (0,1) and the function  ݂ ,݃,ℎ௞,݇ = 1,2,3,…݊ satisfying 

FIDE (2.1). Then ई  is the solution of the FIDE (2.1) if and only if it is the solution of 

integral equation ई(ݐ)  
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= ൯(ݐ)ߙ൫ݔ,ݐ)ఋ݂ܫ 1Γ(ߞ)
න ݃ቀݔ,ݐ൫(ݐ)ߤ൯, ൯ቁ(ݐ)൫߬ݔఘܫ

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ + ෍ܫఉೖାఋℎ௞൫(ݐ)ߛ)ݔ,ݐ൯  (4.1)

ࣿ
௞ୀଵ  

 

for all  ݐ ∈ ℛା   and  ߜ,ߞ ∈ (0,1). 

Proof: Applying the Riemann-Liouville fractional integral of order ߞ to both sides of (2.1) 

we have 

఍ܫ ݀఍݀ݐ఍ ቊܦఋई(ݐ) −∑ ݐఉೖℎ௞൫ܫ ൯(ݐ)ߙ൫ݔ,ݐ)൯௞ࣿୀଵ݂(ݐ)ߛ)ݔ, ቋ଴
௧

= ఍݃ܫ ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁ 

∴  ቊܦఋई(ݐ) −∑ ݐఉೖℎ௞൫ܫ ൯(ݐ)ߙ൫ݔ,ݐ)൯௞ࣿୀଵ݂(ݐ)ߛ)ݔ, ቋ଴
௧

= ఍݃ܫ ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁ 

∴ (ݐ)ఋईܦ −∑ ݐఉೖℎ௞൫ܫ ൯(ݐ)ߙ൫ݔ,ݐ)൯௞ࣿୀଵ݂(ݐ)ߛ)ݔ, =
1Γ(ߞ)

න ݃ቀݔ,ݐ൫ߤ ൯ቁ(ݐ)൫߬ݔఘܫ,൯(ݐ)
ݐ) − ଵି఍(ݏ ௧଴ݏ݀  

∴ (ݐ)ఋईܦ −෍ܫఉೖℎ௞൫ݐ ൯ࣿ(ݐ)ߛ)ݔ,
௞ୀଵ = ൯(ݐ)ߙ൫ݔ,ݐ)݂ 1Γ(ߞ)

න ݃ ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁ
ݐ) − ଵି఍(ݏ ௧଴ݏ݀  

Since ई(0) = 0 ,ℎ௞(0,0) = 0,݂(0,0) ≠ 0 

It follows that    

(ݐ)ఋईܦ = ൯(ݐ)ߙ൫ݔ,ݐ)݂ 1Γ(ߞ)
න ݃ ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁ

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ + ෍ ࣿ,൯(ݐ)ߛ)ݔ,ݐఉೖℎ௞൫ܫ
௞ୀଵ  

ݐ ∈ ℛା  
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(ݐ)ఋईܦఋܫ = ൯(ݐ)ߙ൫ݔ,ݐ)ఋ݂ܫ 1Γ(ߞ)
න ݃ ቀݔ,ݐ൫(ݐ)ߤ൯, ൫߬ݔఘܫ ൯ቁ(ݐ)

ݐ) − ଵି఍(ݏ ௧଴ݏ݀
+ ఋ෍ܫ ൯ࣿ(ݐ)ߛ)ݔ,ݐఉೖℎ௞൫ܫ

௞ୀଵ  

ई(ݐ) = ൯(ݐ)ߙ൫ݔ,ݐ)ఋ݂ܫ 1Γ(ߞ)
න ݃ቀݔ,ݐ൫ߤ ൯ቁ(ݐ)൫߬ݔఘܫ,൯(ݐ)

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ + ෍ܫఉೖାఋℎ௞൫(ݐ)ߛ)ݔ,ݐ൯ࣿ
௞ୀଵ  

Applying the semi group Property for  ܫఋܫఉೖℎ௞ = ఉೖାఋℎ௞݇ܫ = 1,2,3,…݊ 

Conversely differentiate (4.1) of order  ߜand then ߞ  with respect to  ݐ  , we get, 

݀఍݀ݐ఍ ቊܦఋई(ݐ) − ∑ ݐఉೖℎ௞൫ܫ (ݐ)ߙ)ݔ,ݐ)൯௞ࣿୀଵ݂(ݐ)ߛ)ݔ, )
ቋ =

݀఍݀ݐ఍ 1Γ(ߞ)
න ݃ ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁ

ݐ) − ଵି఍(ݏ ௧଴ݏ݀  

⇒ ݀఍݀ݐ఍ቊܦఋई(ݐ) − ∑ ൯௞ࣿୀଵ݂(ݐ)ߛ)ݔ,ݐఉೖℎ௞൫ܫ (ݐ)ߙ)ݔ,ݐ) )
ቋ  =

݀఍݀ݐ఍ܫ఍݃ቀݔ,ݐ൫ߤ ,൯(ݐ)  ൯ቁ(ݐ)൫߬ݔఘܫ

⇒ ݀఍݀ݐ఍ቊܦఋई(ݐ) − ∑ ൯௞ࣿୀଵ݂(ݐ)ߛ)ݔ,ݐఉೖℎ௞൫ܫ (ݐ)ߙ)ݔ,ݐ) )
ቋ  = ݃ቀݔ,ݐ൫ߤ ,൯(ݐ) ൯ቁ(ݐ)൫߬ݔఘܫ ݐ   ∈ ℛା  

We consider the fractional order nonlinear quadratic functional integro-

differentialequation (2.1) assuming that the following hypothesis is satisfied. 

(ݔ,ݐ)݂ The function(ଵܪ) ∶ ℛା × ℛ → ℛ\ {0} is continuous and bounded with bound 

ܨ = ต݌ݑݏ (ݔ,ݐ)݂| |

( ௧,௫)∈ℛశ ×ℛ there exists a bounded function ݈  ∶  ℛା → ℛା with bound L Satisfying     

(ݔ,ݐ)݂| (ݕ,ݐ)݂− | ≤ (ݐ)݈ | ݔ  − |ݕ ݐ, ∈ ℛା  for all ݕ,ݔ ∈ ℛ  

× The functions݃:ℛା(ଶܪ) ℛ × ℛ → ℛ satisfy caratheodory condition (i.e.measrable in t 

for all ݔ  ∈ ℛ and continuous in x for all ݐ ∈ ℛା ) and there exist function ݉ଵ  ∈ℒଵ(ℛା ,ℛ)   such that ݃(ݕ,ݔ,ݐ) ≤ ݉ଵ (ݐ) (ݕ,ݔ,ݐ)∀   ∈ ℛା × ℛ × ℛ 
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Additionally we will assume following conditions are satisfied. 

→ ℛା:ݒ The uniform continuous function(ଷܪ) ℛା defined by the formulas    

(ݐ)ݒ = ∫ ௠భ (௦)
( ௧ି௦)భషഅ݀ݏ௧଴ is bounded on  ℛା   and vanishat infinity, that is,lim௧→ஶ(ݐ)ݒ = 0 

( (ସܪ The function  ℎ௞:ℛା × ℛ → ℛ,݇ = 1,2,3 ……. .ࣿ , with  ℎ௞(0,0,) = 0 ݇ =

1,2,3 ……..݊ are continuous and there exist positive functions  λ௞,݇ = 1,2,3 ……..ࣿ with 

bound ‖λ௞‖ such that 

 ቚ ℎ௞ቀݐ,ई൫(ݐ)ߛ൯ቁ−  ℎ௞ቀݕ,ݐ൫(ݐ)ߛ൯ቁቚ ≤ λ௞( t) )ݔ| t) − )ݕ t) | ݐ ∀, ∈ ℛା  ,ݕ,ݔ ∈ ℛ 

ቚ ℎ௞ቀݐ,ई൫(ݐ)ߛ൯ቁቚ ≤ (ݐ) ௞ܪ        ܽ݊݀      lim௧→ஶܪ௞ (ݐ) = 0 

,ߙ ݏThe function(ହܪ) ,ߛ ߬:ℛା → ℛ are continuous. 

Remark 4.1: Note that if the hypothesis(ܪଶ)hold, then there exist constants ܭଵ > 0 and 

such that: 

ଵܭ  = ต௧ஹ଴݌ݑݏ 1Γ(ߞ)
න ݉ଵ (ݏ)

ݐ) − ଵି఍௧଴(ݏ  ݏ݀  
 

Theorem 4.1: Suppose that the hypotheses [ (ଵܪ)  - (ହܪ) ] are hold. Furthermore 

if(‖α‖ܭଵ + (‖ߚ‖ < 1 where ܭଵ are defined remark (4.1), Then the equation (2.1) has a 

solution in the space ࣝܤ(ℛା ,ℛ) .Moreover, solutions of the equation(2.1)are locally 

attractive onℛା . 

Proof: By a solution of the (2.1) we mean a continuous functionݔ:ℛା → ℛ that satisfies 

(2.1) on ℛା . 
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 Let ܺ = (ℛା ,ℛ)ࣝܤ be Banach Algebras of all continuous and bounded real 

valuedfunction on  ℛା with thenorm‖ݔ‖ =  ต௧∈ ℛశ݌ݑݏ

(ݐ)ݔ| |(4.1) 

We show that existence the solution for (2.1)  under some suitable conditions on the 

functions involved in (2.1).  

Consider the closed ball ܤ௥[0] in X centered at origin 0 and of radius r, where  ݎ = ‖ܨ‖ ܶఋΓ(ߜ + 1)
‖݉ଵ‖ ܶ఍Γ(ߞ + 1)

+ ‖ ୩ܪ‖ ܶఉೖାఋΓ(ߚ௞ + ߜ + 1)
> 0 

Let us define theoperators, ࣝ:ܺ → ܺand ℬ:ܤ௥[0]  → ܺ  by  

(ݐ)ݔࣛ            =  ൯(4.2)(ݐ)ߙ൫ݔ,ݐ)ఋ݂ܫ 

and    ℬ(ݐ)ݔ =
1Γ(ߞ)

න ݃ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁ
ݐ) − ଵି఍(ݏ ௧଴ݏ݀ ℛା                                                (4.3)ݐ∀

 

(ݐ)ݔࣝ            = ෍ܫఉೖାఋℎ௞൫(ݐ)ߛ)ݔ,ݐ൯(4.4)

ࣿ
௞ୀଵ  

In the view of hypotheses (ܪଵ) , the mapping ࣛ is well defined and the function ࣛx is  

continuous and bounded onℛା. The function ℬx is also continuous and bounded in view 

of hypotheses(ܪଶ). 

We shall show that operators ࣛ ,ℬand ࣝ satisfy all the conditions of theorem (3.3).This 

will be achieved in the following series of steps. 

Step I: Firstly, we show that ࣛ  is Lipschitz on  . Letݕ,ݔ ∈   ܺ   be arbitrary, and then by 

hypothesis (ܪଵ) , we get  

(ݐ)ݔࣛ| − (ݐ)ݕࣛ | = หܫఋ݂(ݔ,ݐ൫(ݐ)ߙ൯ −  ൯ห(ݐ)ߙ൫ݕ,ݐ)ఋ݂ܫ
= ቤන ݐ) − (ߜ)߁ఋିଵ(ݏ

௧଴ ݏ൯݀(ݏ)ߙ൫ݔ,ݏ)݂ −න ݐ) − (ߜ)߁ఋିଵ(ݏ

௧଴  ቤݏ൯݀(ݏ)ߙ൫ݕ,ݏ)݂
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≤ න ݐ) − (ߜ)ఋିଵΓ(ݏ

௧଴ ห  ݂(ݔ,ݏ൫(ݏ)ߙ൯ −  ݏ൯ห݀(ݏ)ߙ൫ݕ,ݏ)݂  
≤ න ݐ) − (ߜ)ఋିଵΓ(ݏ

௧଴ (ݐ)݈ | ݔ  −  ݏ݀|ݕ
≤ න ݐ) − (ߜ)ఋିଵΓ(ݏ

௧଴ |ܮ ݔ   ݏ݀|ݕ−

                                 ≤ (ߜ)߁ఋݐ ߜ |ܮ −ݔ  |ݕ  for  all ݐ ∈ ℛା 

 

Taking supremum over t 

 ≤ ܶఋΓ(ߜ + 1)
ݔ‖ܮ −  ‖ݕ

ݔࣛ‖  − ‖ݕࣛ ≤ ݔ‖૚ࡸ for‖ݕ−  all    ݕ,ݔ ∈   ܺ                                                                 (4.5) 

Where ܮଵ =
ܶఋΓ(ߜ + 1)

     ܮ

This shows that ࣛ  is Lipchitzianon ܺ with theLipschitz constant ࡸ૚. 
S tep  II: Now,we show that ࣝ  is Lipschitz onܺ . Letݕ,ݔ ∈   ܺ   be arbitrary, and then by 

hypothesis (ܪଵ)  , we get  

(ݐ)ݔࣝ| − (ݐ)ݕࣝ | = อ෍ܫఉೖାఋ ℎ௞൫ݐ ൯ࣿ(ݐ)ߛ)ݔ,
௞ୀଵ −෍ ݐఉೖାఋ ℎ௞൫ܫ ൯ࣿ(ݐ)ߛ)ݕ,

௞ୀଵ อ 
≤෍න ݐ) − ௞ߚ)ఉೖାఋିଵΓ(ݏ + (ߜ

௧଴
୬
୩ୀଵ λ୩ (s) (ݏ)ݔ| − (ݏ)ݕ    ݏ݀|
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≤ ݔ‖ − ෍‖λ୩ ‖୬‖ݕ
୩ୀଵ ܶఉೖାఋΓ(ߚ௞ + ߜ + 1)

 

(ݐ)ݔࣝ| − (ݐ)ݕࣝ | ≤ ෍ ‖λ୩ ‖ܶఉೖାఋΓ(ߚ௞ + ߜ + 1)

୬
୩ୀଵ ݔ‖ −  ‖ݕ

This shows that ࣝ  is Lipchitzianon ܺ with the Lipschitz constant ‖λ୩ ‖ܶఉೖାఋΓ(ߚ௞ + ߜ + 1)
 

S tep III: Secondly, To Prove the operator ℬ is completely continuous operator onܤ௥[ 0]. 

Firstly we show that ℬ is continuous on ܤ௥[0]. 

CaseI:Suppose that ݐ ≥ ܶ there exist ܶ > 0 andlet us fix arbitrary ߝ  > 0  and take ݕ,ݔ ݔ‖ .௥[0] such thatܤ∋ − ‖ݕ ≤  Then ߝ

| (ℬݔ) ݐ − (ℬݕ)ݐ| ≤ 

ቮ 1Γ(ߞ)
න ݃ ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁ

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ − 1Γ(ߞ)
න ݃ ቀݕ,ݐ൫ߤ ൯ቁ(ݐ)൫߬ݕఘܫ,൯(ݐ)

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ ቮ 
≤ 1Γ(ߞ)

቎න ቚ݃ ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁቚ
ݐ) − ଵି఍(ݏ ௧଴ݏ݀ + න ቚ݃ቀݕ,ݐ൫ߤ ൯ቁቚ(ݐ)൫߬ݕఘܫ,൯(ݐ)

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ ቏ 
≤ 1Γ(ߞ)

ቈන ݉ଵ(ݏ)

ݐ) − ௧଴ݏଵି఍݀(ݏ + න ݉ଵ (ݏ)

ݐ) − ௧଴ݏଵି఍݀(ݏ ቉ 
≤ 2Γ(ߞ)

ቈන ݉ଵ (ݏ)

ݐ) − ௧଴ݏଵି఍݀(ݏ ቉ 
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≤ (ߞ)Γ(ݐ)ݒ 2
                                                                                                                                             (4.6)  

Hence we see that there exists T > 0 such that 

(ݐ) ݒ   ≤ (ߞ)Γߝ

2
ݐݎ݋݂ > ܶ 

Since is an arbitrary, from (4.6) we derive that | (ℬݔ) ݐ − (ℬݕ)ݐ| ≤ (4.7)                            ߝ
 

CaseII: Further, let us assume that,ݐ ∈ [ 0,ܶ] then evaluating similarly as above we obtain 

the following estimate  

| (ℬݔ) ݐ − (ℬݕ)ݐ| ≤ 

≤ ቮ 1Γ(ߞ)
න ݃ቀݔ,ݐ൫ߤ ൯ቁ(ݐ)൫߬ݔఘܫ,൯(ݐ)

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ − 1Γ(ߞ)
න ݃ቀݕ,ݐ൫(ݐ)ߤ൯, ൯ቁ(ݐ)൫߬ݕఘܫ

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ ቮ 
≤ 1Γ(ߞ)

቎න ቚ݃ቀݔ,ݐ൫ߤ ,൯(ݐ) −൯ቁ(ݐ)൫߬ݔఘܫ ݃ቀݕ,ݐ൫(ݐ)ߤ൯, ൯ቁቚ(ݐ)൫߬ݕఘܫ
ݐ) − ଵି఍(ݏ ଴்ݏ݀ ቏ 

 ≤ 1Γ(ߞ)
ቈන ௥்ݓ  (݃, ߳)

ݐ) − ఍(ݏ ଴்ݏ݀ ቉ 
≤ ቈݓ௥்  (݃,߳)Γ(ߞ)ߞ ܶ఍݀ݏ቉ 
≤ ቈݓ௥்  (݃,߳)Γ(ߞ + 1)

ܶ఍݀ݏ቉                                                                                                                               (4.8) 

Where  
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௥்ݓ (݃,߳) = sup { ቚ݃ቀݔ,ݐ൫ߤ −൯ቁ(ݐ)൫߬ݔఘܫ,൯(ݐ) ݃ቀݕ,ݐ൫(ݐ)ߤ൯, ൯ቁቚ(ݐ)൫߬ݕఘܫ : ݏ ∈ [0,ܶ] ∋ݕ,ݔ; ,[ݎ,ݎ−] ݔ| − |ݕ ≤ ߳}  

Therefore, from the uniform continuity of the function ݃(ݕ,ݔ,ݐ)  on the set [0,ܶ] × ,ݎ−]  [ݎ

.we derive that ݓ௥் (݃, ߳) → 0 as ߝ → 0 

Now combining the case I and II, we conclude that the operator ℬ is continuous operator 

on closed ball   ܤ௥[0] in to itself. 

Step IV:  Next we show that ℬis compact on  ܤ௥[0].  

(A)   First prove that every sequence {ℬݔ௡}   in ℬ(ܤ௥[0])  has a uniformly bounded sequence 

in ℬ(ܤ௥ [0]). Now by (ܪଵ) – (ܪହ) 
| (ℬݔ௡ |ݐ( = ቮ 1Γ(ߞ)

න ݃ ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁ
ݐ) − ଵି఍(ݏ ௧଴ݏ݀ ቮ 

| (ℬݔ௡ |ݐ( ≤ 1Γ(ߞ)
න ቚ݃ ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁቚ

ݐ) − ଵି఍(ݏ ௧଴ݏ݀  

| (ℬݔ௡ |ݐ( ≤ 1Γ(ߞ)
න ݉ଵ (ݏ)

ݐ) − ଵି఍(ݏ ௧଴ݏ݀  

| (ℬݔ௡ |ݐ( ≤ (ߞ)Γ(ݐ)ݒ
 

| (ℬݔ௡)ݐ| ≤ ݐ∀ଵܭ ∈ ℛା                                                                                                          (4.9)   

Taking supremum over t, we obtain  ‖ℬݔ௡‖ ≤ ݊∀ଵܭ ∈ ܰ 

This shows that {ℬݔ௡ } is a uniformly bounded sequence inℬ(ܤ௥[0]) . 

(B) Now we proceed to show thatsequence{ℬݔ௡ }is also equicontinuous. 

Letߝ > 0 ܾ be given. Since there is constant ܶ > 0  

Case I:  If ݐଵ  , ଶݐ ∈ [0,ܶ] then we have  



 

Our  Her itage(UGC Care Listed) 

I SSN : 0 474-90 30 Vol-68, Special I ssue-12 

N ation al Con feren ce on  Recen t Tren ds in  Physics, Chemistry an d 
M athematics ( RTPCM -2020 )                                         

H eld on 4th February 20 20  Organised by: D epartmen t of Physics, 
Chemistry and M athematics, Sun derrao Solan keMahavidyalaya, 

M ajalgaon, MS 

 

 

 

P a g e  |  312  Copyright ⓒ 2019Authors 

 

| (ℬݔ௡ −ଶݐ( (ℬݔ௡  |ଵݐ(
≤ ቮ 1Γ(ߞ)

න ݃ ቀݔ,ݐ௡൫(ݐ)ߤ൯, ൯ቁ(ݐ)௡൫߬ݔఘܫ
− ଶݐ) ଵି఍(ݏ ௧మ ଴ݏ݀ − 1Γ(ߚ)

න ݃ ቀݔ,ݐ௡൫(ݐ)ߤ൯, ൯ቁ(ݐ)௡൫߬ݔఘܫ
− ଵݐ) ଵି఍(ݏ ௧భ ଴ݏ݀ ቮ 

 

≤ ተተ 1Γ(ߞ)
න ቚ݃ቀݔ,ݐ௡൫(ݐ)ߤ൯, ൯ቁቚ(ݐ)௡൫߬ݔఘܫ

− ଶݐ) ଵି఍(ݏ ௧మ ଴ݏ݀
− 1Γ(ߞ)

ඳ ቚ݃ቀݔ,ݐ௡൫(ݐ)ߤ൯,ܫఘݔ௡൫߬(ݐ)൯ቁቚ
− ଵݐ) ଵି఍(ݏ  ௧భݏ݀

଴ ተተ 
≤ ቤ 1Γ(ߞ)

න ݉ଵ(ݏ)

௧మ ଴ݏଵି఍݀(ݏ− ଶݐ) − 1Γ(ߚ)
න ݉ଵ(ݏ)

− ଵݐ) ଵି఍(ݏ ௧భ ଴ݏ݀ ቤ 
 ≤ 1Γ(ߞ)

ቤන ݉ଵ(ݏ)

௧మ ଴ݏଵି఍݀(ݏ− ଶݐ) −න ݉ଵ(ݏ)

− ଵݐ) ଵି఍(ݏ ௧భ ଴ݏ݀ ቤ 
≤ 1Γ(ߞ)

( ଶݐ)ݒ| − ( ଵݐ)ݒ |                                                                                                            (4.10) 

from the uniform continuity of the function (ݐ)ݒ  on  [0,ܶ] , we get  

| (ℬݔ௡ −ଶݐ( (ℬݔ௡ |ଵݐ( → 0  as ݐଵ→  ଶݐ
Case II:  If ݐଵ ,   ݐଶ≥ ܶ   then we have  

| (ℬݔ௡ −ଶݐ( (ℬݔ௡  |ଵݐ(
≤ ቮ 1Γ(ߞ)

න ݃ ቀݔ,ݐ௡൫(ݐ)ߤ൯, ൯ቁ(ݐ)௡൫߬ݔఘܫ
− ଶݐ) ଵି఍(ݏ ௧మ ଴ݏ݀ − 1Γ(ߞ)

න ݃ቀݔ,ݐ௡൫(ݐ)ߤ൯,ܫఘݔ௡൫߬(ݐ)൯ቁ
ଵି఍(ݏ− ଵݐ) ௧భ ଴ݏ݀ ቮ 
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≤ ተተ 1Γ(ߞ)
න ቚ݃ቀݔ,ݐ௡൫(ݐ)ߤ൯, ൯ቁቚ(ݐ)௡൫߬ݔఘܫ

− ଶݐ) ଵି఍(ݏ ௧మ ଴ݏ݀
− 1Γ(ߞ)

ඳ ቚ݃ቀݔ,ݐ௡൫(ݐ)ߤ൯,ܫఘݔ௡൫߬(ݐ)൯ቁቚ
− ଵݐ) ଵି఍(ݏ  ௧భݏ݀

଴ ተተ 
≤ ቮ 1Γ(ߞ)

න ቚ݃ ቀݔ,ݐ௡൫(ݐ)ߤ൯, ൯ቁቚ(ݐ)௡൫߬ݔఘܫ
− ଶݐ) ଵି఍(ݏ ௧మ ଴ݏ݀ ቮ

+ ቮ 1Γ(ߙ)
න ቚ݃ ቀݔ,ݐ௡൫ߤ ൯ቁቚ(ݐ)௡൫߬ݔఘܫ,൯(ݐ)

− ଵݐ) ଵି఍(ݏ ௧భ ଴ݏ݀ ቮ 
 ≤ (ߞ)Γ( ଶݐ)ݒ

+
Γ( ଵݐ)ݒ (ߞ)

≤
2߳

+
2߳

 ≤ ߳ as ݐଵ→  ଶ.                                                                                                                     (4.11)ݐ

Case III:Ifݐଵ , ݐଶ ∈ ℛା  With ݐଵ < T <ݐଶ then we have  

| (ℬݔ௡ − ଶݐ( (ℬݔ௡ | ଵݐ( ≤ |ℬݔ௡ ( ଶݐ) − ℬݔ௡ (ܶ) | + |ℬݔ௡ (ܶ) −ℬݔ௡(ݐଵ ) |  (4.12)
 

Now if ݐଵ → →ଵ →T and Tݐℎ݁݊ݐ ଶݐ   ଶݐ

Therefore,|ℬݔ௡(ݐଶ ) −ℬݔ௡(ܶ) | → 0 ,|ℬݔ௡(ܶ) − ℬݔ௡(ݐଵ ) | → 0 

and so | (ℬݔ௡ − ଶݐ( (ℬݔ௡ | ଵݐ( → → ଵݐݏܽ 0 ∋ ଶݐ , ଵݐ ଶ for allݐ ℛା(4.13) 

 Hence {ℬݔ௡}  is an equicontinuous sequence of functions inℬ(ܤ௥[0]) .  

Therefore, it follows from Arzela-Ascoli theorem ℬ is completely continuous on  ܤ௥[0]. 
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Step V: Next we show that ࣛ ݔℬ.ݔ + ∋ ݔࣝ ݔ ௥[0]  for allܤ ∈   ௥[0] is arbitrary, thenܤ

 

ई(ݐ) = ൯(ݐ)ߙ൫ݔ,ݐ)ఋ݂ܫ 1Γ(ߞ)
න ݃ቀݔ,ݐ൫ߤ ൯ቁ(ݐ)൫߬ݔఘܫ,൯(ݐ)

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ + ෍ܫఉೖାఋℎ௞൫(ݐ)ߛ)ݔ,ݐ൯ࣿ
௞ୀଵ  

(ݐ)ݔࣛ| .ℬ(ݐ)ݔ + |ݔࣝ ≤ (ݐ)ݔࣛ| | .|ℬݐ)ݔ ) | + (ݐ)ݔࣝ| |  

≤ หܫఋ݂(ݔ,ݐ൫(ݐ)ߙ൯ห ቮ 1Γ(ߞ)
න ݃ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁ

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ ቮ + อ෍ ൯ࣿ(ݐ)ߛ)ݔ,ݐఉೖାఋℎ௞൫ܫ
௞ୀଵ อ 

≤ න ݐ) − (ߜ)ఋିଵΓ(ݏ

௧଴ ห  ݂(ݔ,ݐ൫(ݐ)ߙ൯ห቎ 1Γ(ߞ)
න ቚ݃ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁቚ

ݐ) − ଵି఍(ݏ ௧ݏ݀
଴ ቏

+ ෍න ݐ) − ௞ߚ)ఉೖାఋିଵΓ(ݏ + (ߜ

௧଴
୬
୩ୀଵ  ( หℎ୩ ൫ݔ,ݏ((ݏ)ߛ൯ห)  ݏ݀ 

≤ න ݐ) − (ߜ)ఋିଵΓ(ݏ

௧଴ | (ݐ)ܨ   ቎ݏ݀|  1Γ(ߞ)
න 1

ݐ) − ଵି఍(ݏ |݉ଵ(ݐ) | ௧ݏ݀ 
଴ ቏

+ ෍න ݐ) − ௞ߚ)ఉೖାఋିଵΓ(ݏ + (ߜ

௧଴
୬
୩ୀଵ  ( (ݐ) ୩ܪ| |  ݏ݀ 

≤ ‖ܨ‖ ܶఋΓ(ߜ + 1)
‖݉ଵ‖ ܶ఍Γ(ߞ + 1)

+ ‖ ୩ܪ‖ ܶఉೖାఋΓ(ߚ௞ + ߜ + 1)
=  ݎ

Taking the supremum over t, we obtain  ∥ ݔℬݔࣛ + ݔࣝ ∥≤ ݔ for all ݎ ∈  ௥[0]ܤ  

Hence hypothesis (c) of Theorem (2.3) holds. 

Also we have ܯ = ∥ ℬ(ܤ௥[0])  ∥= sup {  ∥ ℬݔ ∥ ݔ : ∈  ௥[0]ܤ

= }݌ݑݏ ต௧ஹ଴݌ݑݏ    ቐ 1Γ(ߞ)
න ݃ቀݔ,ݐ൫ߤ ,൯(ݐ) ൯ቁ(ݐ)൫߬ݔఘܫ

ݐ) − ଵି఍(ݏ ݔ   ݏ݀ ∈ ௥[0]ܤ

௧଴ ቑ 
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= ต௧ஹ଴݌ݑݏ}݌ݑݏ  ቊ 1Γ(ߞ)
න ݉ଵ(ݏ)

ݐ) − ଵି఍(ݏ ݔ   ݏ݀ ∈ ௥[0]ܤ

௧଴ ቋ
 

≤ ต௧ஹ଴݌ݑݏ  ൝݌ݑݏต௧ஹ଴ ݒ (ߞ)Γ(ݐ)
ൡ ≤  ଵܭ

and thereforeܯߦ + ଵܭ‖we have (‖α ,ߟ + (‖ߚ‖ < 1, Where ߦ = ‖α‖ and ߟ =  ‖ߚ‖

Now Appling Dhage’sTheorem  [2.3] gives that FQFIDE (2.1) has a solution on ℛ +. 

Step VI: Now for the local attractivity of the solutions for (2.1), let’s assume that x and 

ybe any two solutions of the (2.1) in ܤ௥[ 0] defined on  ℛା . Then we have, 

(ݐ)ݔ| − (ݐ)ݕ | = ቮܫఋ݂(ݔ,ݐ൫(ݐ)ߙ൯ 1Γ(ߞ)
න ݃ቀݔ,ݐ൫ߤ ,൯(ݐ) ൯ቁ(ݐ)൫߬ݔఘܫ

ݐ) − ଵି఍(ݏ ௧଴ݏ݀
+ ෍ܫఉೖାఋℎ௞൫(ݐ)ߛ)ݔ,ݐ൯ࣿ

௞ୀଵ− ൯(ݐ)ߙ൫ݕ,ݐ)ఋ݂ܫ 1Γ(ߞ)
න ݃ ቀݕ,ݐ൫(ݐ)ߤ൯,ܫఘݕ൫߬(ݐ)൯ቁ

ݐ) − ଵି఍(ݏ ൯ࣿ(ݐ)ߛ)ݕ,ݐఉೖାఋℎ௞൫ܫ௧଴−෍ݏ݀
௞ୀଵ อ 

(ݐ)ݔ| − (ݐ)ݕ | ≤ อ෍ ݐఉೖାఋℎ௞൫ܫ ൯ࣿ(ݐ)ߛ)ݔ,
௞ୀଵ อ + อ෍ ݐఉೖାఋℎ௞൫ܫ ൯ࣿ(ݐ)ߛ)ݕ,

௞ୀଵ อ
+ ቮܫఋ݂(ݔ,ݐ൫(ݐ)ߙ൯ 1Γ(ߞ)

න ݃ ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁ
ݐ) − ଵି఍(ݏ ௧଴ݏ݀

− ൯(ݐ)ߙ൫ݕ,ݐ)ఋ݂ܫ 1Γ(ߞ)
න ݃ ቀݕ,ݐ൫(ݐ)ߤ൯,ܫఘݕ൫߬(ݐ)൯ቁ

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ อ 
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(ݐ)ݔ| − (ݐ)ݕ | ≤ ‖ ୩ܪ‖2 ܶఉೖାఋΓ(ߚ௞ + ߜ + 1)
(4.14) 

 

For all ݐ ∈ ℛା .Since and lim௧→ஶܪ୩ (ݐ) = 0  this gives that lim௧→ஶsup|(ݐ)ݔ (ݐ)ݕ− | =

0. Thus the (2 .1) has a solution and all the solutions are locally attractive on ℛା 

5. Existence of ExtremalSolution: 

In this section we consider the following Definitions and show that given equation (2.1) 

has Maximal and Minimal solution: 

Definition 5.1 : (Chandrabhan) A function  ݂:ℛା × ℛ → ℛ is called chandrabhan if  

i) The function (ݕ,ݔ) → (ݖ,ݕ,ݔ)݂  is measurable for each z ∈ ℛ 

ii) The function  ݖ → ,ݕ,ݔ)݂ (ݕ,ݔ)  is non-decreasing for almost each (ݖ ∈ ℛା 

Definition 5.2: A function  ݌ଵ ∈ ℛା,ℛ)ࣝܤ )    is called a lower solution of the FQFIDE 

(2.1) on  ℛା  if the function  

ݐ → ൜஽ഃ௣భ( ௧)ି∑ ூഁೖ௛ೖ( ௧,௣భ൫ఊ( ௧)൯೙ೖసభ௙( ௧,௣భ(ఈ( ௧) )
ൠis continuous absolutely and    

(ݐ)ଵ݌ ≤ ൯(ݐ)ߙ൫ݔ,ݐ)ఋ݂ܫ 1Γ(ߞ)
න ݃ቀݔ,ݐ൫ߤ ൯ቁ(ݐ)൫߬ݔఘܫ,൯(ݐ)

ݐ) − ଵି఍(ݏ ௧଴ݏ݀
+ ෍ܫఉೖାఋℎ௞൫(ݐ)ߛ)ݔ,ݐ൯ࣿ

௞ୀଵ   (5.1) 

 

Again a function ݌ଶ ∈ (ℛା,ℛ)ࣝܤ   is called an upper solution of the FQFIDE (2.1) on ℛା  

if the function  ݐ → ቊܦఋ݌ଶ(ݐ) − ∑ ൯௡௞ୀଵ݂(ݐ)ߛଶ൫݌,ݐ)ఉೖℎ௞ܫ (ݐ)ߙ)ଶ݌,ݐ) )
ቋ 

is continuous absolutely and 
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(ݐ)ଶ݌ ≥ ൯(ݐ)ߙ൫ݔ,ݐ)ఋ݂ܫ 1Γ(ߞ)
න ݃ ቀݔ,ݐ൫(ݐ)ߤ൯, ൯ቁ(ݐ)൫߬ݔఘܫ

ݐ) − ଵି఍(ݏ ௧଴ݏ݀
+ ෍ܫఉೖାఋℎ௞൫(ݐ)ߛ)ݔ,ݐ൯ࣿ

௞ୀଵ        (5.2)  

Definition 5.3[10,35]:A closed and non-empty set  ࣥ   in a Banach Algebra  ܺ  is called a 

cone if  

i. ࣥ + ࣥ ⊆ ࣥ 

ii. ࣥߣ  ⊆ ࣥ  for  ߣ ∈ ࣥ, ߣ ≥ 0  

iii.  {−ࣥ} ∩ ࣥ = 0 where 0 is the zero element of  ܺ. 

and is called positive cone if  

iv. ࣥ ∘ࣥ ⊆ ࣥ 

And the notation  ∘  is a multiplication composition in  ܺ 

We introduce an order relation  ≤  in ܺ  as follows. 

Let ݕ,ݔ ∈ ܺ  then ݔ ≤ −ݕ  if and only if  ݕ ݔ ∈ ࣥ. A cone ࣥ   is called normal if the 

norm   ‖∙‖  is monotone increasing on  ࣥ.  It is known that if the cone   ࣥ  is normal in  ܺ  

then every order-bounded set in  ܺ  is norm-bounded set in  ܺ. 

Definition 5.4 : A solution  ݔெ of the Integral equation is said to be maximal if for any  

other solution ݔ to the problem (ݐ)ݔ ≤ ݐ∀(ݐ)ெݔ ∈ ℛ 

Again a solution ݔ௠ of the Integral equation is said to be Integral equation if for any other 

solution ݔ to the problem ݔ௠(ݐ) ≤ ݐ∀(ݐ)ݔ ∈ ℛ 

Lemma 5.1[13]:   Let ݌ଵ,݌ଶ,ݍଵ,ݍଶ ∈ࣥ   be such that   ݌ଵ≤ ଶ݌  ଵandݍ ≤ ଶ݌ଵ݌  ଶthenݍ  .ଶݍଵݍ≥

For any ݌ଵ,݌ଶ ∈ ܺ = ࣝ(ℛା,ℛ) ଵ݌, ≤    ,is a set inܺgiven by [ଶ݌,ଵ݌] ଶ   the order interval݌

[ଶ݌,ଵ݌] = {ई ∈ ଵ݌:ܺ ≤ ݔ ≤  {ଶ݌
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Definition 5.5[6]: A mapping ܴ: [ଶ݌,ଵ݌] → ܺ is said to be nondecreasing or monotone 

increasing if  ई ≤ ݔܴ  implies ݕ ≤ ݕ,ݔ  for all ݕܴ ∈  .[ଶ݌,ଵ݌]
Theorem 5.1[14]: Let  ࣥ   be a cone in Banach Algebra  ܺ  and let[݌ଵ,݌ଶ] ∈ ܺ.  Suppose 

that  ࣛ ,ℬ: [ଶ݌,ଵ݌] →ࣥ and ࣝ: [ଶ݌,ଵ݌] → ܺ  be three nondecreasing operators such that 

a. ࣛand ࣝ  are  a Lipschitz with Lipschitz constant ߚ,ߙ 

b. ℬ  is completely continuous, 

c. The elements ݌ଵ,݌ଶ ∈ ܺ  satisfy ݌ଵ ≤ +ଵ݌ଵℬ݌ࣛ ଶ݌ଶℬ݌ࣛ  ଵ and݌ࣝ + ଶ݌ࣝ ≤  ଶ݌
Further if the coneࣥ  is normal and positive then the operator equation  ई = ݕℬݔࣛ + ݔࣝ  

has the least and greatest positive solution in  [݌ଵ,݌ଶ]   whenever ܯߙ + ߚ < 1,where  ܯ = ‖ℬ( ‖([ଶ݌,ଵ݌] = :‖ݔℬ‖}݌ݑݏ ई ∈ {[ଶ݌,ଵ݌] . 

we consider another hypothesis 

The functionई(૟ࡴ) → ൜஽ഃ௫( ௧)ି∑ ூഁೖ௛ೖ( ௧,௫൫ఊ( ௧)൯೙ೖసభ௙( ௧,௫(ఈ( ௧) )
ൠis increasing in the interval 

ൣ݉݅݊௧∈ℛశ݌ଵ(ݐ)  .൧(ݐ)ଶ݌௧∈ℛశݔܽ݉,
≥ଵ݌ ଶ on ℛାwith݌ ଵ and upper solution݌ The FQFIDE (2.1) has a lower solution(ૠࡴ)  .ଶ݌
 .The function ݃ is caratheodory(ૡࡴ)

݂  The functions(ૢࡴ) :ℛା × ℛ → ℛ − {0} ,݃:ℛା × ℛ × ℛ → ℛ and ℎ௞:ℛା × ℛ → ℛ  are 

nondecreasing in ई almost everywhere for  ݐ ∈ ℛା. 

The function  ݉ଵ:ℛା( ૚૙ࡴ) → ℛ  defined by  

݉ଵ(ݐ) = ቚ݃ ቀ݌,ݐଵ൫(ݐ)ߤ൯, ൯ቁቚ(ݐ)ଵ൫߬݌ఘܫ + ቚ݃ቀ݌,ݐଶ൫ߤ ൯ቁቚ(ݐ)ଶ൫߬݌ఘܫ,൯(ݐ)  
isLebesgue measurable.  

Remark 5.1:Assume that the hypotheses ( (଺ܪ) (ଵ଴ܪ) - ) holds, then the function ݐ →݃ ቀݔ,ݐ൫(ݐ)ߤ൯, ൫߬ݔఘܫ ൯ቁ is lebesgue integrable on(ݐ)  ℛା, say 
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ቚ݃ቀݔ,ݐ൫(ݐ)ߤ൯, ൯ቁቚ(ݐ)൫߬ݔఘܫ ≤ ݉ଵ(ݐ) , a.e.,ݐ ∈ ℛା 

For all ݔ ∈  .and some Lebesgue integrable function ݉ଵ [ଶ݌,ଵ݌]
Theo 5.2 : Suppose that the Hypothesis( (ଵ଴ܪ) - (଺ܪ) )  are holds and ‖ߙ‖ ቄ ଵ௰(఍ାଵ)

ܶ఍‖݉ଵ‖ℒభቅ +  Thenproblem (2.1) hasa minimal and maximal positive.1>‖ߚ‖

solutions on ℛ . 

Proof :Letܺ = (ℛା,ℛ)ܥ  and we define an order relation “≤” by the cone ࣥ  given by 

(5.3). Clearly ࣥ  is a normal cone inܺ. Define three operators ࣛ,  ℬ  and  ࣝ on ܺ   by 

(4.2), (4.3) and (4.4) respectively. Then FQFIDE (2.1) is transformed into an operator 

equation  ࣛईℬई + ࣝई = ईin Banach algebra ܺ. Notice that (ܪ଺)  implies ࣛ ,ℬ: [ଶ݌,ଵ݌] →ࣥ  also note that (ܪ଻)   ensures that  ݌ଵ ≤ +ଵ݌ଵℬ݌ࣛ +ଶ݌ଶℬ݌ࣛ  ଵ and݌ࣝ ଶ݌ࣝ ≤  .ଶ݌
Since the cone  ࣥ in  ܺ is normal, [݌ଵ,݌ଶ]is a norm bounded set in ܺ. Now it is shown, as 

in the proof of Theorem (2.1), that ࣛ  and  ࣝ  are Lipschitz with a Lipschitz constant ‖ߙ‖  

and ‖ߚ‖ respectively. Similarly ℬ is completely continuous operator on  [݌ଵ,݌ଶ] . Again 

the hypothesis (ܪଽ)   implies that  ࣛ ,ℬand ࣝ are non-decreasing on [݌ଵ,݌ଶ]. To see this, 

let  ݔଵ,ݔଶ ∈ ଵݔ be such that  [ଶ݌,ଵ݌] ≤ (ଽܪ)  ଶ.  Then byݔ , 

 

ई(ݐ) = ൯(ݐ)ߙ൫ݔ,ݐ)ఋ݂ܫ 1Γ(ߞ)
න ݃ቀݔ,ݐ൫ߤ ൯ቁ(ݐ)൫߬ݔఘܫ,൯(ݐ)

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ + ෍ܫఉೖାఋℎ௞൫(ݐ)ߛ)ݔ,ݐ൯ࣿ
௞ୀଵ  

൯(ݐ)ߙଵ൫ݔ,ݐ)ఋ݂ܫ = ଵ(t)ݔࣛ  ≤ ൯(ݐ)ߙଶ൫ݔ,ݐ)ఋ݂ܫ = (ݐ)ଶݔࣛ    for all t ∈ ℛା 

and 

ℬݔଵ ( t)   =
1Γ(ߞ)

න ݃ቀݔ,ݐଵ൫(ݐ)ߤ൯,ܫఘݔଵ൫߬ ൯ቁ(ݐ)
ݐ) − ଵି఍(ݏ ௧଴ݏ݀  
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≤ ቎ 1Γ(ߞ)
න ݃ ቀݔ,ݐଶ൫(ݐ)ߤ൯, ଶ൫߬ݔఘܫ ൯ቁ(ݐ)

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ ቏ =  ℬݔଶ ( t)   

(ݐ)ଵݔࣝ = ෍ܫఉೖାఋℎ௞൫ݔ,ݐଵ((ݐ)ߛ൯ࣿ
௞ୀଵ ≤ ෍ܫఉೖାఋℎ௞൫ݔ,ݐଶ((ݐ)ߛ൯ࣿ

௞ୀଵ ≤ (ݐ)ଶݔࣝ , ݐ ∈ ℛା 

So,ℬ ܽ݊݀ ࣝ are non decreasing operatorson[ݔଵ,ݔଶ ] 

Again by Hypothesis (ܪૠ)  

(ݐ)ଵ݌ ≤ ൯(ݐ)ߙଵ൫݌,ݐ)ఋ݂ܫ 1Γ(ߞ)
න ݃ ቀ݌,ݐଵ൫(ݐ)ߤ൯, ൯ቁ(ݐ)ଵ൫߬݌ఘܫ

ݐ) − ଵି఍(ݏ ௧଴ݏ݀
+ ෍ܫఉೖାఋℎ௞൫݌,ݐଵ((ݐ)ߛ൯ࣿ

௞ୀଵ  

≤ ൯(ݐ)ߙ൫ݔ,ݐ)ఋ݂ܫ 1Γ(ߞ)
න ݃ቀݔ,ݐ൫(ݐ)ߤ൯, ൯ቁ(ݐ)൫߬ݔఘܫ

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ + ෍ܫఉೖାఋℎ௞൫(ݐ)ߛ)ݔ,ݐ൯ࣿ
௞ୀଵ  

≤ ൯(ݐ)ߙଶ൫݌,ݐ)ఋ݂ܫ 1Γ(ߞ)
න ݃ቀ݌,ݐଶ൫(ݐ)ߤ൯, ൯ቁ(ݐ)ଶ൫߬݌ఘܫ

ݐ) − ଵି఍(ݏ ௧଴ݏ݀ + ෍ܫఉೖାఋℎ௞൫݌,ݐଶ((ݐ)ߛ൯ࣿ
௞ୀଵ  

≤ (ݐ)ଶ݌ ݐ∀, ∈ ℛା and ई ∈  [ଶ݌,ଵ݌]
As a result ݌ଵ(ݐ) ≤ ࣛई(ݐ)ℬई(ݐ) + ࣝई(ݐ) ≤ (ݐ)ଶ݌ ݐ∀, ∈ ℛା  and  ݔ ∈  [ଶ݌,ଵ݌]
Hence  ࣛݔℬݔ + ݔࣝ ∈ ݔ∀[ଶ݌,ଵ݌] ∈  [ଶ݌,ଵ݌]
Again ܯ = ‖ℬ( ‖([ଶ݌,ଵ݌] = ݔ:‖ݔℬ‖}݌ݑݏ ∈  {[ଶ݌,ଵ݌]
≤ ݌ݑݏ ቐ݌ݑݏ௧∈ℛశቐ 1Γ(ߞ)

න ቚ݃ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁቚ
ݐ) − ଵି఍௧଴(ݏ ቑ ∶ ई ∈  ቑ[ଶ݌,ଵ݌]
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≤ ݌ݑݏ ൝ (ߞ)߁1
ቈ(ݐ − ߞ఍(ݏ ቉଴௧ ‖݉ଵ‖ℒభ ൡ ≤ ߞ)߁1 + 1)

ܶ఍‖݉ଵ‖ℒభ 

Since  ܯߙ + ߚ < ‖ߙ‖ ቄ ଵ௰(఍ାଵ)
ܶ఍‖݉ଵ‖ℒభቅ + ‖ߚ‖ < 1 

Thus by theorem (5.2) given fractional order nonlinrar functional integro-differential 

equation  (2.1) has a minimal and maximal positive solutions on ℛ . 

6 Example: Consider the following fractional order quadratic functional ID equation of 

type (2.1) 

ଵܦ ଶൗ ቎ܦଶ ଷൗ (ݐ)ݔ − ∑ (ݐ)ߛ)ݔ,ݐ)ఉೖℎ௞ܫ ) )ଷ௞ୀଵ݂ ቀݔ,ݐ൫(ݐ)ߙ൯ቁ ቏  =  ݃ቀݔ,ݐ൫(ݐ)ߤ൯,ܫఘݔ൫߬(ݐ)൯ቁ ݐ∀
∈  ℛା      (6.1) 0 =(0)ݔ and ܦଶ ଷൗ ݂ 0 =(0)ݔ ቀݔ,ݐ൫(ݐ)ߙ൯ቁ = (sin (ݐߨ + (ݐ2 ) ቊ|(ݐ)ݔ | − 2

(ݐ)ݔ| | + 5
+
ݐ − 8

15
ቋ 

݃ ቀݔ,ݐ൫(ݐ)ߤ൯, ൫߬ݔఘܫ ൯ቁ(ݐ) =
ଵସݐ ݁௧ ݊݅ݏቄ ସ|௫|ଶା|௫|

గ௧଼ቅݏ݋ܿ  − ଵସ ݁௧ ݊݅ݏ൜ ସ ூభభ యൗ |௫|ଶାூభభ యൗ |௫|
 గ௧଼ൠݏ݋ܿ 

 

෍ܫఉೖℎ௞((ݐ)ߛ)ݔ,ݐ ) )

ଷ
௞ୀଵ

= ଵܫ  ସൗ ቆ2 +
݁௧ݐ4݊݅ݏ

1 + (ݐ)ݔ| |
ቇ + ଵܫ ଻ൗ ቆݐݐݏ݋ܿ(ݐ)ݔ݊݅ݏ + 2

+
ቇݐ1 + ଻ܫ ସൗ ቆ|(ݐ)ݔ ௧݁ݐ|

1 + ݁௧ ቇ 

ߞ ݁ݎ݁ܪ =
1

2
ߜ,  =

2

3
  ݇ = ଵߚ  3 =

1

4
ଶߚ,  =

1

7
ଷߚ,  =

7

4
ߩ,  =

11

3
ߙ,  = ݐߨ + ߤ, ݐ2 = ,ݐ ߬

=  ݐߨ
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ߙ ݕ݈ݏݑ݋݅ݒܾ݅݋  = ݐߨ + ߤ   , ݐ2 = ߬   ,ݐ =  .are continuous ݐߨ

(૚ࡴ) First to show hypothesis(ࢇ)   satisfied. 

ቚ݂ ቀݔ,ݐ൫(ݐ)ߙ൯ቁ −݂ ቀݕ,ݐ൫(ݐ)ߙ൯ቁቚ 
= ቮቐsin +ߨ)  ݐ(2 ቊ|(ݐ)ݔ | − 2

(ݐ)ݔ| | + 5
+
ݐ − 8

15
ቋ− ൝sin (ߨ + (ݐ)ݕ|ቊݐ(2 | − 2

(ݐ)ݕ| | + 5
+
ݐ − 8

15
ቋൡቑቮ 

 

= ቤsin (ߨ + (ݐ)ݔ|ቊݐ(2 | − 2

(ݐ)ݔ| | + 5
− (ݐ)ݕ| | − 2

(ݐ)ݕ| | + 5
ቋቤ 

 ≤ ݐߨ݊݅ݏ) + (ݐ |ई(ݐ) − (ݐ)ݕ | 

 ݈( t) = sin (ߨ +  ݐ(2
 :is satisfied (૛ࡴ) To show that hypothesis(࢈)

Here we taking  ݉ଵ (ݐ) = ଷݐ ݁௧14
ൗ    and 

݃ ቀݔ,ݐ൫(ݐ)ߤ൯, ൫߬ݔఘܫ ൯ቁ(ݐ) =
ଵସݐ ݁௧ ݊݅ݏቄ ସ|௫|ଶା|௫|

గ௧଼ቅݏ݋ܿ  − ଵସ ݁௧ ݊݅ݏ൜ ସ ூభభ యൗ |௫|ଶାூభభ యൗ |௫|
 గ௧଼ൠݏ݋ܿ 

Implies that  ݃ ቀݔ,ݐ൫(ݐ)ߤ൯, ൫߬ݔఘܫ ൯ቁ(ݐ) ≤ ݉ଵ (ݐ)  

݅. ݁.  
ଵସݐ ݁௧݊݅ݏቄ ସ|௫|ଶା|௫|

−గ௧଼ቅݏ݋ܿ  ଵସ ݁௧݊݅ݏ൜ ସ ூభభ యൗ |௫|ଶାூభభ యൗ |௫|
గ௧଼ൠݏ݋ܿ  ≤ ଷݐ ݁௧14

ൗ  

Hence hypothesis (ࡴ૛) satisfied 

 :is satisfied (૝ࡴ) To show that hypothesis(ࢉ)
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෍ܫఉೖℎ௞((ݐ)ߛ)ݔ,ݐ ) )

ଷ
௞ୀଵ

= ଵܫ  ସൗ ቆ2 +
݁ି௧ݐ4݊݅ݏ
1 + (ݐ)ݔ| |

ቇ + ଵܫ ଻ൗ ቆݐݐݏ݋ܿ(ݐ)ݔ. ݐ݊݅ݏ + 2
+

ቇݐ1 + ଻ܫ ସൗ ቆ|(ݐ)ݔ ௧݁ݐ|
1 + ݁ଶ௧ ቇ 

 ቚℎଵ ቀ(ݔ,ݐ൫(ݐ)ߛ൯ቁ −ℎଵ ቀݕ,ݐ൫(ݐ)ߛ൯ቁቚ = ቤܫଵ ସൗ ቆ2 +
݁ି௧ݐ4݊݅ݏ
1 + (ݐ)ݔ| |

ቇ− ଵܫ ସൗ ቆ2 +
݁ି௧ݐ4݊݅ݏ
1 + (ݐ)ݕ| |

ቇቤ 
 ≤ ݁ି௧ݐ4݊݅ݏቤ 1 + (ݐ)ݕ| | − 1 − (ݐ)ݔ| |

1 + (ݐ)ݔ| | (ݐ)ݕ| | + (ݐ)ݔ| | + (ݐ)ݕ| |
ቤ ≤ ݁ି௧(ݐ)ݔ|ݐ4݊݅ݏ (ݐ)ݕ− |  

It follows that  λଵ(ݐ) = ݁ି௧ݐ4݊݅ݏ 
ቚℎଶ ቀ(ݔ,ݐ൫(ݐ)ߛ൯ቁ − ℎଶ ቀ(ݕ,ݐ൫(ݐ)ߛ൯ቁቚ 
= ቤܫଵ ଻ൗ ቆݐݐݏ݋ܿ(ݐ)ݔ.ݐ݊݅ݏ + 2

+
−ቇݐ1 ଵܫ− ଻ൗ ቆݐݐݏ݋ܿ(ݐ)ݕ.ݐ݊݅ݏ + 2

+
 ቇቤݐ1

 ≤ ൬ݐݐݏ݋ܿݐ݊݅ݏ + 2
൰ { (ݐ)ݔ| − (ݐ)ݕ | } 

 ≤ ൬ݐݐݏ݋ܿݐ݊݅ݏ + 2
൰ |ई(ݐ) (ݐ)ݕ− |  

It follows that  

λଶ(ݐ) = ൬ݐݐݏ݋ܿݐ݊݅ݏ + 2
൰ 

ቚℎଷቀ(ݔ,ݐ൫(ݐ)ߛ൯ቁ− ℎଷ ቀ(ݔ,ݐ൫(ݐ)ߛ൯ቁቚ = ቤܫ଻ ସൗ ቈቆ|(ݐ)ݔ ௧݁ݐ|
1 + ݁ଶ௧ ቇ቉ − ଻ܫ ସൗ ቈቆ|(ݐ)ݕ ௧݁ݐ|

1 + ݁ଶ௧ ቇ቉ቤ 
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 ≤ ቆ ௧݁ݐ
1 + ݁ଶ௧ቇ ൛ห|(ݐ)ݔ | − (ݐ)ݕ| |หൟ 

It follows that  

λଷ(ݐ) = ቆ ௧݁ݐ
1 + ݁ଶ௧ቇ 

 :is satisfied (ଷܪ)To show that hypothesis(ࢊ) 

(ݐ)ݒ = න ݉ଵ (ݐ)
ݐ) − ଵି఍௧଴(ݏ ݏ݀ = න ଷݐ ݁௧14

ൗ
ݐ) − ଵି఍௧଴(ݏ ݏ݀ =

ଷ݁௧14ݐ
න ݐ) − ௧଴ݏ఍ିଵ݀(ݏ  

=
ଷ݁௧14ݐ

൝ቈ(ݐ − ߞ−఍(ݏ ቉଴௧ൡ 
=

ଷ݁௧14ݐ
ቊቈ(ݐ − ߞ−఍(ݐ − ݐ) − 0)఍−ߞ ቉ቋ 

=
ଷ݁௧14ݐ

ቈ(ݐ)఍ߞ ቉ =
(ߦ)఍ାଷ݁௧14ݐ  

Implies that (ݐ)ݒ  is bounded for  ݐ ∈ ℛା 

Hence the entire hypotheses are satisfied. Consequently all the conditions of theorem (2.3) 

are satisfied. 

Thus problem (6.1) has at least one solution on ݐ ∈ ℛା 
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