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Abstract

This paper represents neutrosophic triplet v-generalized metric space and neutrosophic

triplet partial metric space.
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Introduction

In 2018, Sahin and Kargin [58] defined neutrosophic triplet theory in neutrosophy,

v-generalized metric and neutrosophic triplet v-generalized metric space.

In 2018, Sahin, Kargin and Coban [59] derived concept of neutrosophic triplet partial metric

space, neutrosop hic partial metric space.

Theorem (1.1):-The definition of NTVGM, if uy= uy= ... = u,, then every neutrosophic
triplet v-generalized metric implies a neutrosophic triplet metric.
Proof.((Y,0), d,,) be an NTVGMS. 1t is clear that
1) ad¢beEY;
2) dv(a,b) = 0;
3) Ifa = b,d,(a,b) = 0;
4) dy(a,b) = dy(b,a)
above four conditions are equal in NTVGM S and NTM S. Then for condition (5), we takeu;=
Uy= ... = Uy, By definition of NTVGM, If there exists elements uj, ..., u,€Y such that
du(x,y) < du(x,y 0 neut(uy)),
dv(x,uy) <dv(x,u'2 0 neut(uy)),

dy(up uz) < dy(ug,uz 0 neut(uy)),
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dy(Uyp-1Y) < dy(Uy_1, Y 0 neut(uy));
Then,
dy(x,y 0 neut(u,)) < dy(x,u1) +dy(uguz) + -+ dyp(Uy-1,uy) + dy(uy, ¥).
Wecan take u;= us= ... = u,= ussince for u;= uy= ... = u,,. Thus, we can take d,(x,y ¢
neut(u,)) = d,(x,y ¢ neut(u,)) and
dv(xr uD + dv(ui'ué) +-+ dv(u{?—l'ulll) + dv(ullﬂ y) = dv(x'ué) + dv(ués ué) ..
+ du(uy, uz) + duluy, y).
Hence,
d,(x, ¥ 0 neut(uy)) < d,(x,uy) + dy(up,uy) + ... + dy(u,_,u,) + d,(Wv,y)
= dy(x,uz) + dy(uz,uz) - + dyp(uz,uz) + dy(uz,y)
=d,(x,u)+ 0+ ...+ 0+ d,(uyy)
= dy(x,uz) + dy(uz y).
As aresult,(X,90), d,,) is a neutrosophic triplet metric space.
Theorem (1.2):-Let ((Y,0), d,,)be an NTVGM and there exists uj,..., u,€Y s. t.
d,(x,y) <d,(x y 0 neut(u,)),
d,(x,uy) < d,(x,uy 0 neut(uy)),

d,(uj, us) < d,(ug,us 0 neut(uy)),

dy(Up-1Y) < dy(Uy_q,y 0 neut(uy)),
Where x, uj, ... , U,, y are all different. If {a,} is k-Cauchy sequence and converges to z
€{a,}, then {a,} is a Cauchy sequence, where a,are all different.
Proof.We assume that {a,} is k-Cauchy sequence and converges to z; € {a,}. So,
d,({a,b{ani1em}) <e (= 0,1,2,..). If wetake [ = 0, then

dv({an}J{an+1}) <é¢€ (1)
and

dy(z,{a,}) < ¢ &)
Also, we assume that there exist u’y, ... , u’,, € N such that

d,(x,y) < d,(x,y 0 neut(u,)),

d,(x,uy) < d,(x,uy 0 neut(uy)),

d,(ug, uz) < d,(uq, uz 0 neut(uy)),

dy(Uy-1Y) < dy(Uy_q,y 0 neut(uy)),
where x, u’y, ..., Uy, y all are different. Thus, from (v) in Definition of NTVGM, (1) and (2)
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dv({an}'{am}) < dv({an}'zl)
+dy(z1,{an4p-1})

+ dv({ an+v—1}l {an+v—2})

d({ams bland) < 0= De
Hence, {a,,} is a Cauchy sequence.
Theorem (1.3):-Let ((N,0),d,)be a neutrosophic triplet v-generalized metric space and
there exist uy, ..., u,EN such that

d,(x,y) < d,(x,y ¢ neut(u,))and

d,(x,uy) < d,(x, uy 0 neut(uy)),

d,(uy, uz) < d,(ug,ug 0 neut(uy)),

dp(Up—1,Y) < dy(Uy_y1,y O neut(uy)).
If {a,} is sequence and X y-,d,(ay, Qpy1)<0,k = 1 < oothen {a,} is k-Cauchy sequence,
where a,are all different and x, uj,..., u,, y are all different.
Proof. Let € > 0 such that Y. 5_; d, (A, @y q) <€since for X1 dy,(ay, Ay 1)< 0.Now we
show that

dv({an}) {an+1+lm}) <&
If /=0, then it is clear that ({a,}, {a,,41}) <&since for

Z?‘o:l dv (Cl.,., ar+1) <E&.
We assume that /£ 0. Also,

dv({an}J{an+1+lm}) = dv({an}l{an+1}) + dv({an+1}»{an+2})

tdy({Qnyats {Qnysh)t +dv({a(n+1+lm—1)}a a(n+1+lm)})
= Z?:%Hm_ldv (@ @r )< Xrerdy (@ ar P< €.

Hence, a,, is k-Cauchy sequence.

Theorem (1.4):-Take a non-empty S set and power set of S is P(S) and m(A) be cardinal
of A€ P (S) and (P(S),0),d) be a NT metric space (NTMYS). If there exists any K € P(S)
such that m(B ¢ neut(K)) = m(B). Then, ((P(S),0),py) is a NTPMS such that

(A, B) 3 (A,B)+mZ(A) +m(8)
Proof.
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=py(4,B), since for d(4,4) = 0.
0 < py(4,4) < py(AB) for AB € P(S).
(i) Ifpp4, A)=ppA4, B)=(B, B)=0, then
d(AA) +m(A)+m(A) _ d(AB)+m(A)+m(B) _ d(BB)+m(B)+m(B) _

(iii) > > > 0 and
d(A,B) + m(A) + m(B ) = 0.Where,m(4) = 0,m(B) = 0 andpy(4,B) = 0.
Thus,A =B = 0.
(V) pu(d B) - d(AB)+m(A)+m(B) d(B,A)+m(B)+m(A) _ (B, A), since for

2 2
pn(4,B) = pn(B, A).
%) We suppose that there exists aK€P(S) such that (B ¢ neut(K)) = m(B)
and pn(4,B) < pn(4, B O neut(K)).

Thus,
d(AB) +m(A) + m(B) _ d(ABoneut(K)) +m(A) + m(Boneut(K)) )
2 - 2
From (1), py(4,B) < pn(4,B ¢ neut(K)). Since (P(S), 0), d) is aNTMS,
d(A,B 0 neut(K)) < d(4,K) + d(K,B) (2)

From (1), (2) we have,
d(A,B)+m(A)+m(B) _d(ABoneut(K)) + m(A) + m(Boneut(K))
2 - 2

< d(AK)+ d(KB)+m(A) +m(B)
- 2
_dAK +m@) +m® | dKB) +m®B) +mK)
2 2

m(K).
Where, py(K, K) = m(K).
Thus,

Pn(4,B O neut(K)) < (A,K) + (K,B) — (K, K).

Hence,

((P(5),9), pN) is a NTPMS.

Theorem (1.5):-Let (X,0) be a NT set, k € R*and ((X,0),d;) be a NTMS. Then;
((X,0),py) isaNTPM S such that (x,y) = (x,y) + k,Vx,y € X.
Proof.
(1) Since for (x, x)= 0,
0 <pn(x,x) =dr(x,x) + k = k <pn(x,y) =dr(x,y) + k.Thus;
(i) 0 < py(x,x) < py(xy).
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(111) There does not exists x, y € Asuch that
pn(x %) = py(x,¥) =pn(y,y) = Osince for k € R and dr(x,x) = 0.
(iv) py(xy) =dr(x,y) + k =dr(y,x) + k,since for dr(x, y) = dr(y, x).
(v) Suppose that there exists any element g € Asuch that
pn(xy) <pn(xy 0 neut(q)). Thenpy(x,y) + k <py(xy 0 neut(q)) +k.

Thuspy(x, ¥) < py(x,y ¢ neut(q)) 3)
Also,

pn(x,y O neut(q)) < py(xq) + py(q, ) 4)
Since for ((4, ), dr) is aNTMS.
From (3) and (4),

pn(%y) < py(x,y O neut(q)) =dr(x,y 0 neut(q)) + k
<dr(x,q) + pn(qy) + k

= py(x, @) + pny(qy) — k. Where, py(q,q) = k.
Thus,

pn(x y O neut(q)) < py(xq) + py(qY) — (q0,9).
Hence, ((4,9), py) 1s aNTPMS.

Theorem (1.6):-Let ((X,0),py) be a NTPMS, {a,} be a convergent sequence in NTPM S

and py({{a}{a,}) < py({a}{a,} 0 neut(u)) for any u € A. Then {a,} is a Cauchy
sequence in NTPM S.

Proof. It is clear that

pr( () < + pp(ww) (5)
for each M < nor

pPn( {xm}) <§ + py(wu) (6)
foreach M < m

Because {x,} is a convergent. Then, we suppose that
pn{xd () < pnv{xnd {x,}) ¢ neut(a)) for any u € A. It is clear that forn,m = M,
Pv{xm} {xn}) < Py (X}, {xn} ¢ neut(w))

< pn(w{xn}) +py(u {(xn}) — py(ww) (7)
Because ((4,0),pN) is aNTPMS. From (5), (6) and (7),

Pn((Xnd () <35+ Py@u) + 5 pywu) — pyww) = & + py(ww).

Thus; {x.} is a Cauchy sequence in ((4,9),pn)-
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Theorem (1.7):-For each contraction m over a complete NTPMS ((X,0),py), there exists
aunique a in X such thata = m(a). Also, py(a,a) = 0.
Proof.Let mbe a contraction for ((4,9), py) complete NTPMS and x,, = m(x,_,;) and
X, € Abe a unique element. Also, we can take
PN X)) < Py(Xn, X O neut(x,_1)) (8)
Since for mis a contraction over ((4,0), py) complete NTPMS. Then,
Pn(xp x1) = py(m(xy),m(xp)) < c.ppn(xy, %) and
pn(xs, %) = py(m(xy), m(x)) < c.py(rpx1) < cpy(xy,xp).
From mathematical induction, n = m;
PN (Xme1, Xm) =Py (M (X)), M(Xpy— 1))
< ey Xm—1) < c™pn(xq,%p).
Thus; from (8) and definition of NTPMS,
Py X)) < Py (i X O MEUL (1))

< (X Xp—1) T PN(Xp—1, %) — PN(Xp— 1, X 1)

< (g, %) + (o1, %m) — (e 1, Xn—1)

< e (%1,%0) + (ne 1 Xn—2) oo (K Xy 1)

<(cm e AL A o Hem). (xy, x0) — X i (g x;)

< Xime ipN(xlr X0)~ Zimpn (X X;)

< XEomc (s, x0) — LIS apn (%o, %o)

= 2one o (e, %0)— EiEapn (. %) (For n,m — o)

:f_:nc Py (X1,X0) + P (X0 Xo) = Py (X0 Xo)
Thus {xn} is a Cauchy sequence. Also {xn} is convergent such that x, — x. Because
((4,0),py) is complete NTPMS. Thus; m(x,)) — m(x) since for x,, = m(x,_1); m(x,) =
Xp41 — X. Thusm(x) = x.Supposethat m(x) = xorm(y) = yforx,y €xn. Where,

pn(x, y) =pn(m(x), m(y)) < c.pn(x,y).pn(x,y) > 0,c = 1.

It is a contradiction. Thus; pn(x,y) = pn(x,x) =pn(y,y) =0and x = y.
Therefore, py(x, x) = 0.
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